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ABSTRACT: Dissolved cellulose tricarbanilate (CTC) and amylose tricarbanilate (ATC) both exhibit tem- 
perature- and solvent-induced transitions between forms of differing stiffness and chain extension. The transition 
temperatures are strongly dependent on chain length, suggesting that the transitions are very cooperative 
(Gupta, A. K.; Marchal, E.; Burchard, W.; Pfannemueller, B. Macromolecules 1979,12, 281). It is shown in 
this paper that the chain length dependences of the unperturbed dimensions of CTC and ATC (Burchard, 
W. Br. Polym. J.  1971,3,214) also reflect the cooperative conformational transitions inferred from other kinds 
of measurements. The method of Miller and Flory (Miller, W. G.; Flory, P. J. J .  Mol. Biol. 1966, 15, 298) 
and realistic chain models for the two polymers are used to fit the observed chain length dependences of the 
unperturbed dimensions. Zimm-Bragg cooperativity parameters u on the order of 10" and lo4 for CTC and 
ATC, respectively, are required to match the slow convergence of the characteristic ratios to their asymptotic 
values at high degrees of polymerization. We have been unable to fit the data in question with any model 
that does not involve a cooperative transition from a more flexible form of the chain skeleton, which predominates 
at low degrees of polymerization, to a less flexible form, the stability of which is enhanced at high degrees 
of polymerization. The theoretical models providing the best fits to the unperturbed dimension data are used 
to calculate persistence lengths of 110 and 103 A for CTC and ATC, respectively. The models are also used 
to demonstrate, in terms of the calculated directional correlation function of the terminal bonds of the chain, 
that directional correlations persist over a substantially larger number of residues in ATC than in CTC. 

Introduction 
The tricarbanilate derivatives of cellulose (CTC) and 

amylose (ATC) exhibit conformational transitions in so- 
lution, induced either by changes in temperature in a given 
solvent or by changes in mixed-solvent composition at fixed 
temperature. More extended and less flexible forms of the 
polymers occur in the ether solvent dioxane, whereas in 
ester and ketone solvents such as acetone, ethyl acetate, 
and phenyl benzoate the polymers adopt more flexible 

Evidence for the temperature- and 
solvent-induced conformational changes is perhaps clearest 
in measurements of light scattering,l flow birefringen~e,~ 
intrinsic vi~cosity,~ and critical dielectric f r e q u e n ~ y . ~ , ~  
Variations in temperature produce sigmoidal transition 
curves for the critical dielectric frequency of CTC4 and 
ATCE in dioxane solution, where both polymers manifest 
extended and relatively inflexible forms at  low tempera- 
t ~ r e . ' , ~ - ~  The very pronounced molecular weight depen- 
dence of the latter curves suggests that the temperature- 
induced transition in question is quite cooperative, a t  least 
in d i ~ x a n e . ~ , ~  

Considerable information exists concerning the confor- 
mations of CTC and ATC in dioxane solution, and the 
temperature and chain length dependences of various 
parameters characterizing the conformation, e.g., radius 
of gyratioq2 intrinsic v i~cos i ty ,~ ,~  persistence length,44iE 
and persistence dipole m~ment,~f' have been observed. 
Moreover, a careful determination of the unperturbed 
mean-square radius of gyration ( s , ~ ) ~  of CTC and ATC 
in the well-behaved1*2 mixed 0 solvent dioxane/methanol 
has been carried out at 20 "C over an unusually wide range 
of degree of polymerization x ; ~  samples with degrees of 
polymerization in the range 84 I x I 6930 for CTC and 
in the range 86 i: x i: 9400 for ATC were investigated. The 
chain length dependence of the characteristic parameter 
( S , ~ ) ~ / X ,  corrected for molecular weight heterogeneity in 
the polymer samples, has been analyzed earlier in terms 
of various chain models by one of  US.^ Here, we reanalyze 
these data using the statistical mechanical theory of 

0024-929718212215-1350$01.25/0 

polymer chain configuration and more realistic theoretical 
models for the CTC and ATC chains. In addition, in the 
present treatment we take cognizance of the significant 
effect on the chain length dependence of ( s X 2 ) , / x  to be 
expected from the putative highly cooperative conforma- 
tional transition inferred from other recent s t u d i e ~ . ~ ? ~  

Theoretical Methods 
Chain Models for CTC and ATC. The skeletal ge- 

ometries of the CTC and ATC repeating units were taken 
to be those, respectively, of the averaged P-D-glucose and 
a-D-glucose residues proposed by Arnott and Scott;g other 
approximations in the models render negligible differences 
between the geometries of the unsubstituted CY- and P-D- 
glucose and those of the phenylcarbamate-substituted 
residues. The valence angle P at  the oxygen of the gly- 
cosidic bridge between successive residues was taken to 
be 116.5°.9 The pyranoside ring of each substituted sugar 
residue was assumed to be rigid so as to render the "virtual 
bond" distance L between successive glycosidic oxygens 
fixed at  the values 5.41 and 4.40 8, respectively, for the 
CTC and ATC chainseg With this approximation, which 
is common to most analyses of the configurational statistics 
of the polysaccharides, the chains can be understood to 
comprise a sequence of virtual bonds of constant length, 
the mutual orientations of any two of which are governed 
by the torsion angles 4 and about the C(1)-O(1) and 
O( l)-c(4') bonds, respectively, of the intervening glycosidic 
linkages.1° 

In contrast to most other treatments of polysaccharide 
chain statistics, we will not assume here that the glycosidic 
torsions c$~,$~ at  the linkage joining residues i and i + 1 are 
independent of the conformations of neighboring glycosidic 
1inkages.l' In the present case we wish instead to ac- 
knowledge the possibility of longer range cooperative in- 
teractions within the chain that could cause the potential 
function governing rotations 4i,$i to depend upon the 
conformational state of neighboring residues. To this end 
we will assume that each residue i is capable of existing 
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in two states, in each of which the conformational potential 
function for the associated rotations 4i,+i adopts a char- 
acteristic form. Specifically, the potential function for the 
"flexible" state will allow 4i,+i to adopt a range of con- 
formations, which if available to a succession of residues 
would yield a relatively flexible polymer chain segment. 
The potential function governing the "stiff" state would, 
in contrast, constrain more closely the accessible range of 
conformation space so that a sequence of residues all in 
the stiff state would constitute a relatively less flexible 
chain segment. 

The origin of differences between the flexible and stiff 
conformational potential functions is assumed to reside 
in the existence of long-range interactions, characteristic 
of the stiff state of the chain, that restrict the conforma- 
tional freedom of $i,+i pairs contained within such stiff 
regions of the chain. The physical basis of such long-range 
interactions might be, for example, solvophobic and/or 
hydrogen-bonded interactions between the phenyl- 
carbamate substituent  group^.^,^ The distribution of res- 
idues between the two postulated states is assumed in the 
present treatment to be governed by parameters s and u 
of the Zimm-Bragg type,12 where s describes the relative 
stability of residues embedded in long sequences of each 
state and u measures the extra free energy associated with 
the interface between sequences of residues in contrasting 
states.13 The quantity s will be treated as an adjustable 
parameter of the calculation, but realistic values will for 
present purposes necessarily be confined to s N 1, because 
the temperature-induced transition is observable in the 
vicinity of room t e m p e r a t ~ r e . ~ ~ ~  The parameter u is in- 
timately related to the chain length dependence of the 
temperature-induced transition and can consequently be 
estimated14J5 from the observed chain length dependence 
of the thermal transition in the critical dielectric fre- 
q u e n ~ y . ~ ~ ~  

For a residue i in either one of the postulated states it 
will be assumed that the conformational characteristics of 
the residue depend on a potential function that varies only 
with 4i,+i. Interdependence of rotations c#J~,+~ with neigh- 
boring rotations exists in this treatment then in the sense 
that the probability (as governed by s and u) that a given 
residue is in a particular state is dependent, in the presence 
of the postulated cooperative interactions, on the states 
of the neighboring residues. Thus, the torsions at  a given 
glycosidic linkage, while mutually interdependent, are 
assumed independent of all other such sets of torsions for 
any given permutation of the residues of the chain among 
the stiff and flexible states.1° 

Conformational Energies. Conformational energies 
Vc(&,+i) for the glycosidic linkages of CTC and ATC will 
be approximated by parabolic or harmonic surfaces cen- 
tered a t  positions in the &,Jii plane known to be appro- 
priate from more realistic estimates of the conformational 
energy surfaces of cellulosic and amylosic chains.l6-ls 
Equation 1 gives Vc(4i,+i). Here, the subscript c designates 
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was realized when surfaces of elliptical cross section (K," 
# Kc$) were taken. When Kc@ = K$ is not too small, the 
potential surfaces of eq 1 correspond to polymer chains 
of wormlike character.18J9 Results reported below suggest 
that attempts to use more realistic potential surfaces ap- 
propriate to the specific geometries of the tricarbanilate 
derivatives will, at this stage, convey no additional insights 
into the behavior of these chains. 

Methods of Calculation. The property of primary 
interest in the present study is the dependence on chain 
length x of the unperturbed mean-square radius of gyration 
( s , ~ ) ~  from light scattering; fits to existing data3 are re- 
ported. The best models achieved for CTC and ATC are 
then used to calculate the persistence length ux,18-20 the 
end-bond correlation function fx,18,20,21 and the fraction of 
residues in the stiff state 0,,,22323 as functions of chain 
length. The methods used are essentially those of Miller 
and F l ~ r y . ~ ~ ? ~ ~  

Let Mi be an appropriately constructed generator matrix 
associated with the property m to be calculated. Then the 
statistical mechanical average ( m , )  for chains of length 
x is given by 

(2) 
where one factor mi appears in the serial matrix product 
for each residue of the chain.24 Here, mi is defined for 1 
< i < x b y  

(m,) = Z;'m1m ,... mi...mx 

sMi(s) Mj(f)  

mi=[ 3 (3) 
U S M ~ (  S) Mi(f) 

with ml = row [usMl(s),Ml(f')] and m, = col [M,,M,]. The 
notation Mi(c), where c is either s or f, denotes matrices 
Mi appropriate for the stiff and flexible states, respectively; 
matrix M, is independent of the conformational state of 
the residue. The quantity 2, in eq 2 is the partition 
function calculated by 

(4) 
where for 1 < i < x 

2, = u,u, ... ui ... u, 

Ui=[ .  11 (5) 

with U1 = row [us,l] and U, = col [1,1]. 
It  is implicit in the above equations that the parameter 

s measures the statistical weight of a residue in the stiff 
state relative to the weight unity in the flexible state. The 
fraction Os,, of residues in the stiff state then follows im- 
mediately by differentiation of In 2, with respect to In s,I2 
an operation accomplished in the present instance by using 
the matrix method described by Miller and Flory.22 

If we let Li represent the virtual bond vector of residue 
i refeqed to a coordinate system affixed to residue i and 
take Ti($i,+i) to be the 3 X 3 orthogonal matrix that 
transforms vectors referred to the coordinate system of 
residue i + 1 into the coordinate system of residue i,10,25 
then the generator matrix AJc) of generic type M,(c) 
needed to compute the mean end-to-end vector (r,) of the 
polymer is given for 1 < i < x by19,24 

Ai( c)  = [ :) y ]  ( 6 )  

with Al(c) = row [ (Tl) ,Ll]  and A, = col [L,,l]. Here 0 
represents the 1 X 3 null vector, so that Ai(c) has dimen- 
sions 4 X 4 while Al(c) and A, have dimensions 3 X 4 and 

either the flexible (f) or the stiff (s) conformational state. 
The minimum energy (zero) occurs at  the position do,+o 
selected as described below. Adjustable parameters Kc@ 
and Kc$ govern the steepness of the potential walls and, 
thus, the size of the accessible domain in conformation 
space; larger values of Kc+ and K$ correspond to the less 
flexible conformational states. In all calculations reported 
here surfaces of circular cross section (Kc+ = Kc*) were 
chosen, because no sensible improvement in the treatment 



1352 Hsu et al. 

4 X 1, respectiyely. The quantity (Ti) is the transfor- 
mation matrix averaged'O~~~ over the conforma- 
tional energy surface appropriate to residue i in the stiff 
or the flexible state, as required by the index c. Under the 
assumptions of the present model the homopolymer res- 
idue geometry is fixed, so that for all i, Li = L and 
= T. The persistence length a, reported here is the 
magnitude of (r,) for chains of x residues.lgZ0 

We define the end-bond correlation function f, as the 
mean projection of a unit vector along L, onto the direction 
of Ll.18,20,21 It can be computed by using the generator 
matrix-Fi(c) defined for 1 < i C x by Fi(c) = (Ti) with Fl(c) 
= ul(T1) and F, = u,, where u1 = u, = L/ILI. The un- 
perturbed mean-square radius of gyration ( s,~)~ is calcu- 
lated by using the generator matrix Hi given by26 

1 1 2LitTi) Liz Liz 
0 1 2Lj(Tj) Liz Liz 

Hi(c)= [ i T] ( 7 )  

with Hl(c) = row [1,1,2Ll(Tl),Ll2,Ll2] and H,(c) = col 
[LX2,Lx2,L,,l,l]. The dimensions of Hi(c) are 7 X 7 for 1 
C i C x and 1 X 7 and 7 X 1 for Hl(c) and H,(c), respec- 
tively. The quantity 0 is a 1 X 3 or 3 X 1 null vector as 
required to conform, and Li is the magnitude of Li. 
Theoretical and experimental results pertaining to ( ~ , 2 ) ~  
are reported here in terms of the dimensionless charac- 
teristic ratiolo ( S , ~ ) ~ / X L ~ ,  where L is the magnitude of L. 

Results and Discussion 
Evaluation of u. The parameter u was estimated via 

methods proposed by Fujita and c o - w o r k e r ~ ~ ~ J ~  from the 
chain length dependence of the temperature-induced 
transition in the critical dielectric frequencies of CTC4 and 
ATC8 in dioxane. Data covering the ranges 250 I x I 742 
and 40 I T I 70 "C for CTC and the ranges 125 5 x I 
560 and 50 I T I 70 "C for ATC were used. Neither the 
method of Hayashi et al.14 nor that of Okita et al.15 proved 
entirely satisfactory. In the case of the method of Okita 
e t  al. the condition xu1/2 > 2 was not met for all polymer 
samples, and the required plots of O,, vs. (x - 2)-l at a given 
temperature, expected to be linear, were not always so. 
The iterative procedure of Hayashi et al. did not converge 
as well as might have been hoped. Nevertheless, using the 
two methods it was possible to determine u = 1.1 x 
for CTC and u = 3.0 X for ATC. In each case the 
uncertainty attributable to u is a t  least a factor of 2, and 
we have consequently felt free to adjust u modestly to 
improve fits to data on ( s : ) ~  vs. x in the dioxane/methanol 
0 solvent a t  20 "C. 

Chain Length Dependence of ( S , ~ ) ~ / X L  for CTC. 
A contour diagram of the conformational energy surface 
for a dimeric segment of an unsubstituted cellulosic chain 
is shown in Figure 1. This surface was calculated as 
described elsewhere.l+ls The energetically accessible do- 
main in conformation space is seen to occur near the 
position = 0,O". Preliminary efforts to fit experi- 
mental results on the chain length dependence of the 
characteristic ratio ( S , ~ ) ~ / X L ~  were therefore based on 
parabolic energy surfaces centered at  the position c $ ~ , $ ~  = 
0,O". Letting K$, K,+, K$, and Kf* be identical and suc- 
cessively equal to 2,3,4, and 5 kcal/mol with &,fi0 = O,O", 
one obtains the curves for ( S , ~ ) ~ / X L ~  shown in Figure 2. 
These calculations correspond to choosing the stiff and 
flexible states to be indistinguishable, and consequently 
the results are independent of u and s. Similar calculations 
are referred to henceforth as "one-state" models. Energies 

Macromolecules 

L - J L G I _ I _ .  - L _ l ~ , _ L I  1 I1 1 1 1 L  J 
I 0 0  0 I an 

Pn : 

Figure 1. Contour diagram of the conformational energy of the 
dimeric cellulosic chain segment, cellobiose, based on Arnott- 
Scott9 residue geometry, a glycosidic brid e angle of 1 1 6 . 5 O ,  and 

drawn at 1, 5 ,  and 10 kcal/mol above the energy minimum. 
potential functions described previously.", 8 Energy contours are 

D 

-m 
0 

Figure 2. Circles represent experimental results3 for the char- 
acteristic ratio (s,2),,/xL2 as a function of degree of polymerization 
x for CTC. Curves are calculated from a one-state model with 
various parabolic potential surfaces as described in the text. 

were computed via eq 1, with angles measured in radians. 
Averages over these parabolic energy surfaces were com- 
puted by summations on a grid a t  20" intervals in 4,# 
space.1° 

The small circles plotted in Figure 2 are the experi- 
mental values of ( S , ~ ) ~ / X L ~  observed for CTC in the di- 
oxane/methanol 8 solvent a t  20 0C.3 These and all other 
one-state models, including those with presumably more 
realistic energy surfaces, e.g., Figure 1, failed to provide 
an adequate fit to the experimental results. Models 
yielding chains sufficiently extended to fit the asymptotic 
values of the characteristic ratio a t  high degrees of po- 
lymerization, e.g., the 4K model in Figure 2, overestimated 
the ratio at lower degrees of polymerization. On the other 
hand, models such as the 3K model in Figure 2, which fit 
the data a t  low degrees of polymerization, yield (sx2)0/xL2 
values significantly below the experimental asymptotic 
limit. The implication that the real chain grows stiffer with 
increasing chain length is obvious. 

Calculations based on the "two-state" model are pres- 
ented in Figure 3. The curve labeled 6K3K refers, for 
example, to a calculation in which the potential function 
for the stiff state is characterized by K,# = Ks* = K, = 6 
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Figure 3. Calculated dependence of ( S , ~ ) ~ / X L ~  on x for CTC 
using a two-state model with various potential surfaces for the 
stiff state. 
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Figure 4. Calculated dependence of ( S , ~ ) ~ / ~ L ~  on x for CTC 
using a two-state model with various potential surfaces for the 
flexible state. 

kcal/mol and that for the flexible state by K$ = K$ = Kf 
= 3 kcal/mol. For these calculations s = 1.00 and a = 1.1 
x with C$o,$o = O,Oo for both the stiff and the flexible 
states. Since s = 1.00, a t  large x ,  8,,x approaches 0.5, 
whereas a t  small x ,  4 ,  approaches zero, and residues in 
the flexible state predominate. Hence the three curves in 
Figure 3 merge at low x because they share common values 
of Kf. The 5K3K model provides an improved fit to the 
experimental data compared with the one-state models. 
Figure 4 illustrates the effect of variations in Kf when K, 
is held constant for s = 1.00, a = 1.1 X and $o,$o = 
O,Oo for both states. In this case the several curves no 
longer merge a t  low x because, although Bs,x approaches 
zero, the character of the predominant flexible state is 
different for each different choice of Kf. Nor do the curves 
merge at larger x ,  where for each curve a different flexible 
form prevails in approximately half the residues of the 
chain. 

It is obviously necessary to investigate the dependence 
of the calculated (s,2),/xL2 vs. x curves on s and a. Results 
of this investigation are given in Figures 5 and 6, where 
we have chosen K, = 5.5 kcal/mol, Kf = 3.0 kcal/mol, and 
C$o,$o = O,Oo for both states. In Figure 5 the dependence 
on s of ( S , ~ ) ~ / X L ~  vs. x is shown for a = 1.1 X The 

w 
s=1.010 

Figure 5. Calculated dependence of ( S , ~ ) ~ / X L ~  on x for CTC 
using a two-state model with various values of s and fixed values 
of all other parameters. 

m .  

Figure 6. Calculated dependence of ( S , ~ ) ~ / X L ~  on x for CTC 
using a two-state model with various values of 0 and fixed values 
of all other parameters. 

sensitivity of the curves to s is readily interpreted by 
reference to Figure 5 of the classic paper of Zimm and 
Bragg,12 where 4 ,  is seen to become much more strongly 
dependent on chain length for s > 1 than it is for s 5 1. 
No reasonable fits to the experimental data could be ob- 
tained for s greater than about 1.005, because B,,, ap- 
proached unity very rapidly with increasing x .  For s < 
0.995, 4 ,  was small for all chain lengths investigated. 
When s is fixed at  0.999 and a is varied over a 25-fold 
range, the results of Figure 6 are obtained; similar results 
obtain also for s slightly greater than unity. Smaller values 
of a yield smaller values of ( S , ~ ) ~ / X L ~  at  all chain lengths 
investigated. This effect is greatest just in the transition 
region of x ,  where the chain undergoes a change in behavior 
from rodlike ( (  S , ~ ) ~ / X L ~  approximately proportional to x )  
to Gaussian ( ( S , ~ ) ~ / X L ~  independent of x ) .  Thus, modest 
adjustment of a is seen to provide a means for altering the 
shape of the calculated ( S , ~ ) ~ / X L ~  vs. x curves in this 
transition region. The effect of a on the shape of these 
curves is readily understood from plots (see Figure 8) of 
Bs4 vs. x for various a, where 4, is found to increase more 
slowly with x the smaller a. 

Extensive variation of the several parameters of the 
theoretical calculation led to the "best" fit to the CTC data 
shown in Figure 7, where K,  = 7.5 kcal/mol, Kf = 4.0 
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Table I 
AS, Free Rotation Equivalents 

0 I 

AS,, call 
A @ =  A + , d e g  ( K m o l )  K,' kcal/mol 

10 -6.94 
20 -4.18 
33 -2.19 
4 1  -1.36 
43 -1.10 
47 -0.783 
57.3 0 
57.5 0.017 
60 0.162 
66 0.560 
66.4 0.589 
78 1.21 
91  1.84 

105 2.41 
360 7.30 

a Parabolic steepness parameter. 

30 
20  
maltose 
15 

10 
cellobiose 
8 
7.5 
5.5 
4 
3 

Column 2 gives the entropy in cal/ (deg mol) ~a lcu la t ed '~ ,~~  
from the square-well potential surfaces. The zero of en- 
tropy on this scale is seen to be associated with a 
square-well energy surface with dimensions of one radian 
squared. Column 3 lists other energy surfaces employed 
in the present work. Those labeled 30K, 20K, etc. are 
parabolic surfaces of circular cross section; the surface 
labeled cellobiose refers to that shown in Figure 1. 

The configurational entropy AS, associated with the 
cellobiose surface is equivalent to that of a square-well 
energy surface of square cross section with dimensions A4 
= All, = 60". The parabolic 4K and 7.5K surfaces em- 
ployed in the best fit to the CTC data both display greater 
conformational freedom, as measured by AS,, than does 
the cellobiose surface. This seems unrealistic, given the 
expected effect of the bulky phenylcarbamate substituents. 
It must, however, be recognized that the cellobiose energy 
map of Figure 1 leads, using a one-state model, to a cal- 
culated asymptotic characteristic ratio ( S , ~ ) ~ / X L ~  of about 
17, which exceeds the observed characteristic ratio of CTC 
by a factor of more than 2 and bespeaks an unrealistically 
inflexible cellulosic chain. The tendency of energy surfaces 
for cellulosic chains, based on seemingly realistic as- 
sumptions about skeletal geometry and potential functions, 
to suggest chains that are unrealistically extended is 
~ e l l - k n o w n . " ~ ~ ~  Cellulosic chains, including CTC with its 
bulky substituents, are in fact considerably less extended 
and more flexible than the simple cellobiose energy surface 
would suggest; the origin of the extra flexibility probably 
lies in the occurrence of a small proportion of glucose ring 
conformers other than the C1 form normally assumed to 
be present exclusively in cellulosic  hai in^.^^,^^,^^,^^,^^ 

Since conformational isomerism of the sugar rings is not 
allowed for in the present model, it is not surprising that 
dimeric energy surfaces reflecting greater conformational 
freedom than that for cellobiose with both residues in the 
C1 ring conformation are required to fit the experimental 
data. In fact the 4K energy surface employed for the 
flexible state in the best fit to the CTC data, when used 
in a one-state calculation with $o,J/o = 70,0°, yields an 
asymptotic value of ( S , ~ ) ~ / X L ~  = 5.6, which is very close 
to the measured characteristic ratio of cellulose acetate (DS 
= 2.45).29 This surface then appears to provide a plausible 
model for the CTC chain in the flexible state, which is 
presumed to be free of the long-range interactions postu- 
lated to stabilize the stiff state. In the best fit model, when 
the observed value of ( S , ~ ) ~ / X L ~  is f i t  a t  very long chain 
length, the model chain incorporates nearly 50% of the 
residues in the stiff state. Because the interaction stabi- 



Vol. 15, No. 5, September-October 1982 Cooperative Conformational Transitions 1355 

r, 

I 

1 -  

3 500 io00 1500 2000 2500 3000 3530 4003 4500 5000 

C H R I N  LENGTH 

Figure 8. Calculated variation of the fraction of residues in the 
stiff state e,, as a function of x for the best fit models for CTC 
(s = 0.9997, u = 1.1 X loa) and ATC (s = 0.9992, u = 2.0 X lo4). 
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Figure 9. Calculated variation of the persistence length a, (in 
A) as a function of x for the best fit models for CTC and ATC. 

lizing this state is postulated to be very cooperative (u  = 
1.1 X residues in the stiff and flexible states occur 
at high chain length in long sequences averaging u-lI2 N 

300 residues in length.12 If the model chain were to be 
converted exclusively to the stiff form, its characteristic 
ratio would be 10.4, and the chain would still be consid- 
erably less extended than the cellulosic chain suggested 
by the cellobiose map of Figure 1. 

It  is of interest to observe in Figure 8 the dependence 
of Os,, on x for the best fit model for CTC. The fraction 
of residues in the stiff state increases rather slowly with 
chain length and is still about 10% below its high chain 
length asymptote when x = 4000. The length a, of the 
persistence vector ( r , )  is shown as a function of chain 
length in Figure 9. The persistence length a, calculated 
from the model has converged a t  x = 200 to within 97% 
of its calculated asymptotic value of 110 A. This asymp- 
totic result is in excellent agreement with experimental 
 determination^^^ of the Kratky-Porod Persistence lengthN 
of CTC in dioxane solution. The correlation function f,, 
plotted for 2 5 x I 75 in Figure 10, measures the corre- 
lation of virtual bonds 1 and x in a chain of x residues. 
This quantity, calculable from the model, provides a 
measure in units of numbers of residues of the directional 
persistence of the chain and is, hence, a useful adjunct to 
the persistence length, which measures the persistence in 

'? 

CHAIN LENGTH 

Figure 10. Calculated variation of the end-bond correlation 
function f, as a function of x for the best fit model for CTC. 

distance units. For CTC f, remains below e-1 for x I 18; 
at x = 75, f, has fallen to 0.02, and f, = 0.0001 a t  x = 200. 
The oscillatory behavior off, in the range of small x has 
a periodicity of 2-3, which reflects the helical character 
of a cellulosic chain confined to the position @o,$o = 7 0 , O O  
in 4,$ conformation space. This feature of Figure 10, 
which reflects helical persistence, is no longer perceptible 
for x > -35. Reference to Figure 8 will disclose that 
directional correlations, as measured by either a, or f,, have 
dissipated before the chain is long enough for any sub- 
stantial fraction of residues to be present in the stiff state. 
The characteristic ratio of the radius of gyration, however, 
converges much more slowly with chain length. I t  con- 
tinues to change with x throughout the range in which Os& 
is a function of x and thus serves as a suitable experimental 
observable to help fix the parameters of the molecular 
theory. I t  is also noteworthy that the correlation length 
measured by the decay off ,  is much smaller than the 
length of the cooperative unit for long chains, Le., 300 
residues. 

Chain Length Dependence of ( S , ~ ) ~ / X L ~  for ATC. 
A conformational energy diagram for a dimeric segment 
of unsubstituted amylose is given in Figure 1 of ref 31. The 
energy minimum, marked with an X in this diagram, 
corresponds to a residue conformation which, if repeated 
regularly in sequence, produces a helix with approximately 
sixfold multiplicity and a relatively small pitch. In order 
to increase the mean pitch of wormlike pseudohelical 
chains employed in modeling the behavior of ATC, para- 
bolic potential surfaces were centered at @o,$o = -50,-40°, 
or approximately halfway between the positions marked 
X and Y in the conformational energy diagram cited. The 
resulting increase in mean pitch (1) serves to accommodate 
the bulky phenylcarbamate substituent groups between 
turns of the wormlike chains and (2) facilitates repro- 
duction with the model of the large chain extension of ATC 
using parabolic potential surfaces possessing reasonable 
conformational freedom. 

The convergence of (s>),/xL2 for ATC to its high chain 
length asymptote is substantially slower than that of CTC 
as seen in Figure 11, where the calculated curves for various 
one-state models are shown. In comparison with CTC 
considerably steeper parabolic potential surfaces are re- 
quired to fi t  the asymptotic value of the characteristic 
ratio. I t  should be observed that the asymptotic charac- 
teristic ratio of ATC exceeds that of CTC only because L2 
is smaller for ATC; at large chain length ( S , ~ ) ~ / X  for CTC 
exceeds that for ATC by a factor of 1.12. The requirement 
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Figure 11. Circles represent experimental results3 for the 
characteristic ratio ( S , ~ ) ~ / X L ~  as a function of degree of polym- 
erization x for ATC. Curves are calculated from a one-state model 
with various parabolic potential surfaces as described in the text. 
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Figure 13. Best theoretical fit to the experimental dependence 
of ( S , ~ ) ~ / X L ~  vs. x for ATC using a two-state model with param- 
eters described in the text. 
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Figure 12. Calculated dependence of ( S , ~ ) ~ / X L ~  on x for ATC 
using a two-state model. See text for details. 

for steeper and more constrained (see Table I) energy 
surfaces to fit the asymptotic behavior of the ATC chain 
arises from the compact pseudohelical trajectory of chains 
confined to the vicinity of do,$o = -50,-40' in conformation 
space. 

No two-state model could be found to fit the chain 
length dependence of ( S , ~ ) ~ / X L ~  for ATC in the transition 
region from rodlike to Gaussian behavior, if the parameter 
u was constrained to equal 3.0 X as deduced from the 
observed chain length dependence of the critical dielectric 
frequency. Attempts to fit the data included trials with 
a variety of choices for including the choice = 
-20,-170', which placed the minimum of the parabolic 
potential surface at the position of the secondary minimum 
of the maltose conformational energy map (Figure 1, ref 
31) corresponding to the most extended conformations of 
the amylosic chain. A typical result is shown in Figure 12, 
in which the curve was computed using K, = 16 kcal/mol, 
Kf = 8 kcal/mol, = -20,-170' for both states, s = 1.00, 
and u = 3.0 X 

In order to fit the data i t  was necessary to decrease u 
by more than a factor of 10 to 2.0 X lo4. With this choice 
of u a best fit to the ATC data was achieved with K, = 30 
kcal/mol, Kf = 10 kcal/mol, $o,$o = -50,-40' for both 
states, and s = 0.9992. The fit obtained using this model 

0 10 20 30 40 50 60 70 80 90 
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Figure 14. Calculated variation of the end-bond correlation 
function f, as a function of x for the best fit model for ATC. 

is shown in Figure 13. Reference to Table I shows that 
the potential surface for the stiff state provides less con- 
formational freedom, as measured by AS,, than the more 
realistic maltose surface (Figure 1, ref 31), whereas the 
surface for the flexible state provides more freedom. The 
experimental value of (s,2),,/xL2 for aqueous amylose, and 
that calculated using a one-state model from the maltose 
map, is, however, slightly less than unity,31 whereas the 
30K and 10K surfaces yield, respectively, 19 and 6.5. Thus 
the conformers that predominate near = -50,-40' are 
much more extended on the average than those of the 
maltose surface. This circumstance simply reflects the 
dramatic effect of phenylcarbamate trisubstitution on the 
amylosic chain conformation, an effect much larger than 
its counterpart in the cellulosic chain. 

The effect of reducing u to 2.0 X lo* is seen clearly in 
Figure 8 where the fraction of residues in the stiff state 
is observed to increase much more slowly with x for ATC 
than is the case for CTC. Figure 9 shows that the calcu- 
lated persistence length of ATC is somewhat smaller than 
that of CTC. At infinite chain length a, achieves an as- 
ymptotic value of 103 A; this can be compared with the 
value 163 A reported from experimental  observation^.^^^ 
Directional correlations in ATC, as measured by the cor- 
relation function f,, are found in Figure 14 to  dissipate 
more slowly for ATC than for CTC. Not until x 1 24 does 
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f, fall permanently below e-l. The 4-5-fold periodicity in 
f, persists beyond x = 75, where f, = 0.046; a t  x = 200, f, 
= 0.0003. The longer range directional correlations implicit 
in f, for the ATC model compared to the CTC model are 
an obvious reflection of the more constrained parabolic 
energy surfaces required to fit the (sX2), /xL2 vs. x data for 
ATC. Comparison of the calculated values of a, and f, for 
CTC and ATC shows clearly how these two parameters can 
provide complementary information about polymer di- 
rectional correlations. 

One other plausible model for ATC was investigated. It 
is conceivable that the stiff and flexible states of ATC 
occupy distinctly different regions of the residue confor- 
mation space. For example, the long-range interactions 
of phenylcarbamate substituent groups postulated to 
stabilize the stiff state may occur only when the substituent 
group alignment is that which occurs in the fully extended 
conformations characteristic of the secondary minimum 
on the maltose energy map. Transition from the flexible 
to the stiff state with increasing x may then involve a 
significant change in residue conformation, e.g., from the 
primary to the secondary minimum. We have, in fact, 
investigated the opposite situation, taking &,,q0 = 
-20,-170' for the flexible state and @o,+o = -50,-40' for 
the stiff state. The motivation for this choice is that since 
the stiff state, thus chosen, is also the one characterized 
by less extended chain conformations, the slow transition 
of ( s X 2 ) , / x L 2  from rodlike to Gaussian behavior in ATC 
might be more effectively modeled. With s = 1.00 and u 
= 3.0 X and for various choices of K,  and Kf, no ad- 
equate fit to the experimental data could be achieved. 
When the data were f i t  in the asymptotic region, curves 
resembling that in Figure 1 2  were always observed. We 
have no doubt that the data could be fit with models of 
this type, provided a small enough value of u were chosen, 
but we currently have no justification for this elaboration 
of the model relative to the model used to produce the best 
fit shown in Figure 13. It should be observed, however, 
that the very small Q value required to fit the ATC data 
might result in part from a large interfacial free energy 
associated with the junction zones between chain segments 
in two quite different conformational states. 
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Model Calculation of the Conformational Entropy of the 
High-pressure Intermediate Phase of Polyethylene 
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ABSTRACT: A model for the high-pressure intermediate phase of polyethylene is outlined. The  focus of 
the model calculation is on the entropy associated with dihedral angle fluctuations of the polymer chain confined 
by its neighbors to a cylindrical cavity. The constraint of confinement models the intermolecular interactions. 
Intramolecular interactions are modeled by a conventional dihedral angle potential. An integral equation 
version of the transfer matrix method is developed in order to analyze the model. In addition to  the calculation 
of the entropy, the formalism allows a calculation of structural properties of the intermediate phase. T h e  
correlation with experimental da t a  is discussed. 

I. Introduction 
The high-pressure intermediate phase of polyethylene, 

HPIP, has been the subject of a number of experimental 
investigations.' In contrast to the wealth of data, com- 

paratively few theoretical modeling studies have ap- 
~ e a r e d . ~ - ~  In an earlier paper,5 I, an integral equation 
method for the calculation of the entropy of chains con- 
fined to cylinders was developed. Such a model is relevant 
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